ABSTRACT
INTRODUCTION
Adaptive cruise control (ACC) is receiving increasing attention these days due to the demand for safety and driver comfort in modern automobiles [1] . In traditional radar-based ACC systems, the vehicle only has information available about the motion of the preceding vehicle [2, 3] . However, emerging wireless communication technologies enable vehicles to observe the motion of distant vehicles, which can potentially increase the efficiency and safety of vehicular networks. At the same time, the modeling, analysis and design of connected vehicle platoons present additional challenges due to increased connectivity and delays caused by intermittency and packet drops in vehicle-to-vehicle (V2V) communication [4] . These delays can impact the performance of the transportation system significantly [5, 6] .
In this paper we address the following two challenges: (i) the * Address all correspondence to this author.
controllers must be modular and function even when connections are lost or new connections are established; (ii) the controllers must be robust against the delays arising in the communication channels. We propose a modeling framework that allows the existence of uniform traffic flow independent of the communication structure and analyze the limitations of the controllers with different delay configurations. In order to make the arising connected systems tractable we use a motif-based approach inspired by recent results in systems biology [7] . Analyzing the dynamics of simple motifs allows one to evaluate the effects of communication delays on plant and string stability. By combining these motifs, one can build complicated networks of prescribed behavior in a systematic way. The results are summarized using linear stability diagrams and numerical simulations are used to demonstrate the nonlinear behavior. The proposed approach can be used to design cooperative adaptive cruise control (CACC) systems where information about the motion of the vehicle in front (sensed by a radar) is integrated with the information about the motion of distant vehicles (received through wireless communication). Moreover, the presented framework is also applicable when human drivers react to the motion of the preceding vehicle while they are assisted by controllers that act upon the data received from distant vehicles. We show that by appropriately selecting the control gains for the long-distance communication links, plant and string stability can be achieved even in cases when the reaction time of human drivers is too large to allow stabilization for any shortdistance gain combinations. 
where α i− j and β i− j are control gains related to the distances and the velocity differences, and the network structure is given by the adjacency matrix
In addition, the range policy V (h) gives the desired velocity as a function of the inter-vehicle distance h. When the distance is below a threshold h < h stop , V (h) should be zero for safety reasons. For large headway h > h go , the vehicle aims to maintain the allowable maximum velocity v max . Between h stop and h go , the function increases monotonically with h. This can be
summarized as
where the function F(h) is continuous and strictly monotonically increasing such that F(h stop ) = 0 and F(h go ) = v max . The three possible choices
are shown in Fig. 2 . The simplest choice is the linear function F 1 (h). However, the sharp changes in the derivatives at h = h stop and h = h go lead to discontinuities in the jerk which can discomfort the driver. Therefore, one may use nonlinear functions F 2 (h) and F 3 (h) that result in smooth and infinitely smooth derivatives at h = h stop and h = h go . In this paper, we use
A common goal in traffic systems is to achieve the so-called uniform flow equilibrium where equidistant vehicles travel with the same velocity:
for all i ∈ N. Notice that the right hand side of (1) is designed in a way that the system possesses the equilibrium v * = V (h * ) independent of the connectivity structure γ i, j and control gains α i− j , β i− j .
In this paper, we discuss two kinds of stability of the uniform flow: plant stability and string stability. Plant stability means that, if the leading vehicle of the platoon is moving with a constant velocity v * , then the velocities of the following vehicles converge to v * . On the other hand, the system is said to be string stable if velocity fluctuations are attenuated as they propagate along the platoon [8] . In case of conventional vehicular traffic, each vehicle reacts to the motion of the vehicle in front. Then, considering identical vehicles one may define string stability using two consecutive vehicles since this implies string stability for an arbitrary pair of vehicles in the platoon. However, for connected vehicle systems one may observe string stability when comparing the velocities of a chosen vehicle pair while other pairs may still be string unstable.
To avoid such ambiguity we analyze leader-to-tail string stability and compare the fluctuations in the velocities of the first and last vehicles in the platoon.
At the linear level, plant and string stability can be evaluated by analyzing transfer functions that give algebraic relationships between velocities in the Laplace domain. In particular, we need to analyze the leader-to-tail transfer function. Plant stability is guaranteed when all poles of this transfer function are located in the left half complex plane. Moreover, by exploiting that the input signal can be represented by its Fourier components and that superposition holds for linear systems, attenuation of velocity fluctuations can be ensured if the magnitude of the leader-totail transfer function is smaller than one for all frequencies. One may calculate the leader-to-tail transfer function using link transfer functions which can be derived from the differential equations and act as complex gains along the communication links. In fact, the leader-to-tail transfer function is the sum of the products of link transfer functions along the paths between the first and last vehicles in the platoon as demonstrated below.
FUNDAMENTAL NETWORK MOTIFS
In this section, we define network motifs as simple networks which can be used to construct more complex connected vehicle systems, and calculate the corresponding leader-to-tail transfer functions. Motif n is defined as the network where the tail vehicle observes the motion of the vehicle immediately ahead as well as the motion of the leader n-vehicles ahead. Some of the fundamental motifs are shown in Fig. 3 together with a simple network built from motifs 1, 2 and 3. For each motif a simplified delay setup is considered where σ and δ are communication delays, τ represents the human reaction time, while ξ either represents the ACC computational time (ξ < τ) or denotes the human reaction time (ξ = τ) when the vehicle is not equipped with a radar. For the sake of simplicity we derive all formulae for the latter case.
Using the general model (1) for motif n (where γ i,i−1 = γ i,0 = 1 and γ i, j = 0 otherwise), one can derivė 
Defining the perturbationsh i = h i − h * andṽ i = v i − v * , the linearization of (5) about the uniform flow equilibrium (4) becomeṡ
where
First, we calculate the leader-to-tail transfer functions for the first two motifs and then provide a general formula for the leader-to-tail transfer function of motif n. Using this we calculate the the leader-to-tail transfer function for the simple network in 
Linearizing this about the equilibrium (4) we obtaiṅ
cf. (6) .
Taking the Laplace transform of (9) with zero initial conditions yieldsṼ
where the link transfer function
is equal to the leader-to-tail transfer function defined by 
According to (6) and (7), the linearized equation becomeṡ
In the Laplace domain, we obtaiñ
where the link transfer functions are
Substituting (10) into (15), we obtain the leader-to-tail transfer function
) .
For motif n we havẽ
and substitutingṼ
This represents the fact that for motif n the information about the leader's motion can reach the last vehicle in two routes: through a direct (but delayed) communication channel as well as through a series of n − 1 vehicles (that also include delays). These two signals are summed by the tail vehicle. At the linear level this is represented by the link transfer function T n0 along the direct communication link and the product of transfer functions T n n−1 · · · T 21 T 10 along the platoon. Finally, the network shown in Fig. 3 is composed of motifs 1, 2 and 3. Indeed, the leader-to-tail transfer function is the sum of the products of the link transfer functions along the paths connecting the leading vehicle to the tail vehicle. There are three paths linking vehicle No. 0 to vehicle No. 4, resulting in 
STABILITY ANALYSIS OF MOTIF 1
In this section, we analyze the stability of the motif 1, followed by stability charts that allow one to choose control gains which ensure both the plant stability and the string stability. To find the plant stability condition for Motif 1, we analyze the characteristic equation, which is given by the denominator of transfer function (11):
Multiplying both sides with e sτ , substituting s = jΩ, where Ω ∈ R + , separating the real and the imaginary parts, and substituting definitions (7), we obtain the plant stability boundary in parametric form:
The corresponding curves divide the parameter plane into plant stable and plant unstable domains. When α 1 and β 1 are chosen from the plant stable domain, the infinitely many characteristic roots of (22) are located in the left half of complex plane. When the control gains are selected at the plant stability boundary, there exist a pair of complex conjugate characteristic roots, indicating that a Hopf bifurcation takes place in the corresponding nonlinear system. Now, we investigate the string stability of the motif 1. Using algebraic manipulations one may show that the string stability condition |G 10 (jω)| < 1, ∀ω ∈ R + is equivalent to
As f 1 (0) = 0 and f ′ 1 (0) = 0 always hold, to ensure string stability at ω = 0, we need f ′′ 1 (0) < 0, which leads to the boundaries
In this case, string instability arises so that |G 10 (jω)| ≥ 1 for 0 ≤ ω ≤ ω while |G 10 (jω)| < 1 for ω > ω; see already case G in Fig. 6 showing that the system is string unstable for low frequencies but string stable for sufficiently high frequencies. At the stability boundary, we have ω = ω cr = 0. If the maximum of f 1 (ω) occurs at ω > 0, the string stability boundary is given by f 1 (ω) = 0 and f ′ 1 (ω) = 0. Solving these two equations results in where
In this case, string instability arises so that |G 10 (jω)| ≥ 1 for ω ≤ ω ≤ ω and |G 10 (jω)| < 1 for 0 < ω < ω and ω > ω; see case C in Fig. 6 , which shows that the system is string unstable in the mid-frequency range but string stable for low and high frequencies. At the stability boundary, we have ω = ω = ω cr > 0. The plant and string stability domains are shown in the first row of Fig. 4 for
Although multiple string stable domains show up, only the one inside the plant stable domain is of interest. As the communication delay increases, this domain shrinks and finally disappears when the two end points (denoted by *-s) meet, indicating that no control gains can ensure plant and string stability for
. The second row of Fig. 4 shows the critical frequencies Ω and ω cr where *-s mark ω cr = 0. Note that in case of τ = 0, loss of string stability only occurs for 0 < ω < ω.
To demonstrate the behavior in different parameter domains, we select the panel for τ = 0.2 [s], fix β 1 = 0.8 [1/s] , and mark the points A-G in the zoomed figure Fig. 5 . Point B is selected to be at the plant stability boundary while points D and F are chosen at the string stability boundary. To calculate the characteristic roots, we apply numerical continuation, namely the package DDE-biftool [9] . The corresponding eigenvalues and amplification ratios (Bode plots) are presented in Fig. 6 .
Among the eigenvalue diagrams shown in the left column of Fig. 6 , case A has eigenvalues with positive real parts and thus the system is plant unstable. Case B has purely imaginary eigenvalues, corresponding to the Hopf bifurcation. For the cases C-G, all eigenvalues have negative real parts, i.e., the selected gains can guarantee plant stability of the system. From the right column of Fig. 6 , it can be seen that max |G 10 (jω)| > 1 in cases A-C and G, indicating that the system is string unstable in some frequency range. In cases A-C, string instability occurs for ω ≤ ω ≤ ω while for case G, the system is string unstable for 0 ≤ ω ≤ ω. This corresponds to the fact that in case F string instability occurs at ω cr = 0 but in case D ω cr > 0. Finally, in case E, max |G 10 (jω)| < 1 indicates that the system is string stable for all frequencies.
STABILITY ANALYSIS OF MOTIF 2
In this section, we derive conditions for the plant stability and string stability of motif 2. The characteristic equation of the Motif 2 (the denominator of (17)) implies that either (22) or
hold. This means that motif 2 loses plant stability if vehicle No. 1 is plant unstable. Let us consider that vehicle No. 1 is plant stable. Then, the plant stability boundary is given by (28). Multiplying by e sσ , substituting s = jΩ, where Ω ∈ R + , separating the real and the imaginary parts, and using some algebraic manipulation, we obtain the plant stability boundary in parametric
When analyzing the string stability of motif 2, it can be shown that the condition |G 20 (jω)| < 1, ∀ω ∈ R + is equivalent to
and the coefficients C i , i = 1, . . . 5 are defined in the Appendix. To guarantee string stability at ω = 0, f ′′ 2 (0) < 0 is required, which results in the boundaries
If the maximum of f 2 (ω) occurs at ω > 0, the string stability boundary is given by f 2 (ω) = 0 and f ′ 2 (ω) = 0, which yields k. l. where
We fix α 1 = 0. Fig. 7 . Fig. 8 depicts the stability diagrams for motif 2 in the (α 2 , β 2 )-plane for different σ values. The top row shows the plant and string stability boundaries while the corresponding frequencies Ω and ω cr are displayed below. The string stable domain (dark gray) within the plant stable domain (light gray) shrinks with the increase of communication delay σ and disappears for σ > σ cr ≈ 0.4. In fact, the string stable domains are quite different compared to those in Fig. 4 , that is, the gains (α 1 , β 1 ) used when reacting the motion of the car immediately in front are different from the gains (α 2 , β 2 ) needed to exploit the signals received through long-distance commination.
Again, to represent the behavior in different parameter domains we choose σ = 0.2 [s], fix β 2 = 0.7 [1/s], and mark the points a-g in the zoomed figure Fig. 9 . The corresponding eigenvalues and the amplification ratios are shown in Fig. 10 . These are similar to cases A-G in Fig. 5 except that string instability always occurs in the mid-frequency range ω ≤ ω ≤ ω; cf. panels E-G and e-g. Moreover, one may observe in Fig. 9 that the string stability curves intersect each other at points h and i. The corresponding Bode plots are shown in Fig. 11 demonstrating that string instability is lost through two independent frequencies ω cr,1 and ω cr,2 simultaneously. Consequently, string instability can occur in two separate frequency ranges ω 1 ≤ ω ≤ ω 1 and ω 2 ≤ ω ≤ ω 2 which may merge when parameters are varied as illustrated by the cases j, k and l.
NUMERICAL SIMULATIONS
To verify the stability charts obtained for motifs 1 and 2, we investigate the behavior of the nonlinear system (13) in the vicinity of the uniform flow equilibrium. As in Fig. 10 
In order to test plant stability, we select α 2 and β 2 corresponding to cases a, b and e in Fig. 10 and use v 0 (t) ≡ v * . The simulation results are shown in Fig. 12 
CONCLUSIONS
In this paper, we proposed a motif-based approach that can be used to analyze and design connected vehicle systems. By analyzing the plant stability and the leader-to-tail string stability of fundamental motifs we determined the limitations caused by the sensing and communication delays in such networks. We demonstrated that, by choosing the control gains appropriately for the long-distance communication, one can ensure string stability of systems that cannot be stabilized otherwise. The analytical results were presented using stability charts, which were confirmed by using numerical simulations. Our future work will include the study of more complicated networks with high level of heterogeneity.
